Abstract. Given any simple Lie superalgebra g, we investigate the structure of an arbitrary simple weight g-module. We introduce two invariants of simple weight modules: the shadow and the small Weyl group. Generalizing results of Fernando and Futorny we show that any simple module is obtained by parabolic induction from a cuspidal module of a Levi subsuperalgebra. Then we classify the cuspidal Levi subsuperalgebras of all simple classical Lie superalgebras and of the Lie superalgebra W(n). Most of them are simply Levi subalgebras of g 0 , in which case the classification of all finite cuspidal representations has recently been carried out by one of us in [M]. Our results reduce the classification of the finite simple weight modules over all classical simple Lie superalgebras to classifying the finite cuspidal modules over certain Lie superalgebras which we list explicitly.
Introduction
In order to be able to explain the topic of this paper and to state the results, we need to start with a few definitions. The remaining definitions needed are given in section 1. Some of the results apply to arbitrary finite dimensional Lie superalgebras and will be stated in this way.
Consider a finite dimensional Lie superalgebra g=g 0 ⊕g 1 defined over an algebraically closed field of characteristic zero. Let h=h 0 ⊕h 1 be a Cartan
Typeset by A M S-T E X subsuperalgebra and Q be the root lattice. A g-module M is called a generalized weight module if M = ⊕ λ M (λ) , where for λ ∈h * 0 , M (λ) denotes the maximal subspace of M on which h − λ(h) acts locally nilpotently for any h ∈h 0 .
By a triangular decomposition T of g we mean a decomposition g=g
such that there exists a linear map l : Q →Z for which g + T = ⊕ l(α)>0 g (α) , g 0 T = ⊕ l(α)=0 g (α) and g − T = ⊕ l(α)<0 g (α) . This requirement is weaker than the usual one, see for instance [PS] . Correspondingly, we shall call the subsuperalgebra g 0 T a Levi subsuperalgebra of g, or the Levi component of T , which will sometimes be in contradiction with the accepted terminology in the theory of Lie algebras.
Any simple generalized weight g It is easy to prove that M T (Ω) has a unique simple quotient, denoted by L T (Ω). When the decomposition T is proper (i.e. when g 0 T =g), we call the g-module L T (Ω) parabolically induced. A cuspidal g-module is by definition a simple generalized weight module which is not parabolically induced.
Let M be any simple generalized weight module. We associate to M an invariant, called its shadow. This is a triple (g
consisting of three Lie subsuperalgebras defined in section 3. We call a triangular decomposition T of g M -adapted if its Levi component is g In general, there are many pairs (T, Ω) such that M L T (Ω). To get a more precise statement, one can assume that g 0 is reductive and define certain canonical sets C of good triangular decompositions (see section 6). For the simple classical Lie superalgebras there are explicit descriptions of such canonical sets. To any simple weight module M we attach then a subgroup W M of the Weyl group W of g 0 , called its small Weyl group, see section 5. The following stronger version of (T1) provides an explicit reduction of the classification of simple weight modules to the classification of cuspidal modules.
(T2) For any simple generalized weight g-module M , there is T ∈C and a cuspidal g
A generalized weight module is called finite if the dimensions of all its weight spaces are finite. The classification of the finite generalized weight 2 modules over all simple Lie algebras is carried out in [M] . We complete the present paper by making the first steps towards classifying all finite generalized weight modules over the simple Lie superalgebras. More precisely, we define a Levi subsuperalgebra to be cuspidal if it admits a finite cuspidal module, and then we classify the cuspidal Levi subsuperalgebras of all classical simple Lie superalgebras. It turns out that most of them are simply Levi subalgebras of g 0 , and hence the corresponding cuspidal modules are already classified in [M] . In this way, we reduce the classification problem for the simple finite weight modules over all classical Lie superalgebras to the problem of finding all cuspidal modules over certain Lie superalgebras which are listed in section 8.
Remark. When g is a reductive Lie algebra and M is finite, the statement (T1) is due to S. Fernando, [Fe] . When g is a reductive Lie algebra without factors of type E 8 , it is due to V. Futorny, [Fu] , and A. Cylke, V. Futorny and S. Ovsienko, [CFO] . Our general approach provides a simpler proof.
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Notations and conventions.
1.1. Lie superalgebras. All Lie superalgebras will be defined over an algebraically closed field K of characteristic 0 and will be assumed finite dimensional. All underlying vector spaces of Lie superalgebras and their representations are automatically assumed to be Z 2 -graded, and the even and odd part of a Z 2 -graded vector space V will be denoted by V 0 and V 1 . If g=g 0 ⊕g 1 is a Lie superalgebra, a Lie subsuperalgebra k⊂g will be called a Lie subalgebra iff k 1 = 0.
1.2. Cartan subsuperalgebras. A Cartan subsuperalgebra h 0 ⊕h 1 of a Lie superalgebra g is by definition a self normalizing nilpotent Lie subsuperalgebra of g. According to Scheunert, [Sch] (see also [PS] ), h=h 0 ⊕h 1 is a Cartan subsuperalgebra iff h 0 is a Cartan subalgebra of g 0 and h 1 is the generalized weight space of weight 0 of the h 0 -module g 1 . It should be noted that the definition of a generalized weight module (see the Introduction) involves only the action of h 0 .
1.3. Set of roots ∆, ∆ 0 , ∆ 1 . Let g be a Lie superalgebra and let h be a Cartan subsuperalgebra. For i ∈Z 2 , we denote by ∆ i the set of all α ∈h * 0 such that α = 0 and g
The elements of ∆ are the roots of g. A root α is even (respectively odd) if α ∈ ∆ 0 (respectively α ∈ ∆ 1 ). A root can be simultaneously even and odd. The root lattice Q is the subgroup of h * generated by ∆. 1.4. Triangular decompositions. The definition of a triangular decomposition T of g, g=g
be the set of roots of g 0 T . We will say that T is a good triangular decomposition iff (i) the monoid generated by ∆ T 0 is a group (denoted by Q T 0 ), and (ii) for any β ∈ ∆ T 1 , there is m > 0 so that m β ∈ Q T 0 . In such a case, we say that g 0 T is a good Levi subsuperalgebra of g. 1.5. Dense and torsion-free modules. The support of a generalized weight module M is the set of all λ ∈h * 0 such that M (λ) = 0, and it is denoted by supp M . We denote by inj M the set of all roots α ∈ ∆ 0 for which there is some x ∈g
such that x acts injectively on M . We define M to be torsion-free if the monoid generated by inj M is a subgroup of finite index in Q (Fernando's original definition, [Fe] , requires that inj M = ∆). We say that M is dense if supp M is a finite union of Q -cosets, for some subgroup Q of finite index in Q (Futorny's original definition, [Fu] , requires that Q = Q ). For simple generalized weight modules, we will show in section 3 that the notions of density and torsion-freeness are both equivalent to cuspidality. With the original definition of density and torsion-freeness, the latter is true only for finite modules over reductive Lie algebras.
Generalities about generalized weight modules.
Let g be a Lie superalgebra with a fixed Cartan subsuperalgebra h and let U be the enveloping algebra of g. We denote by GW(g) the category of all generalized weight g-modules and by GW f (g) the subcategory of finite generalized weight modules. Throughout the rest of the paper, M will denote a fixed generalized weight g-module, i.e. an object of GW(g). M will not be assumed simple unless the contrary is stated explicitly. We have
is finitely generated as a left or a right
The torus H acts on U and on its associated graded algebra S. The generalized weight space decomposition under h is identical to its generalized weight space decomposition under H. Hence by Hilbert's invariant theorem, S (0) is finitely generated and each
is finitely generated as a left as well as a right
A weight module is a module such that
Proof. Assertion (i) follows from Lemma 2.1, (ii). If h 0 acts semi-simply on g, ⊕ λ M λ is obviously a g-submodule. Thus M is a weight module and Assertion (ii) is proved. Let β ∈ Q. By Lemma 2.1,(i) there is a finite set {u 1 , ..., u k } generating the right
Let T be a triangular decomposition of g and let Q T be the root lattice of g
Proof. Let l : Q →Z be a linear map defining T and let U − be the enveloping algebra of g
Ω ⊕ M and the supports of Ω and M are disjoint. Therefore any g-submodule having trivial intersection with Ω is a subspace of M , and Z T (Ω) is the sum of all those modules. Assertion (ii) follows. Assertion (i) follows from the fact that each U n is finite dimensional.
For any object Ω of GW(g
is a kind of Harish-Chandra induction functor. The corresponding HarishChandra restriction is the functor
∈ Ω, then the support of the g-submodule of L T (Ω) generated by v is disjoint from the support of Ω, which is a contradiction. This proves Assertion (i). The proof of Assertion (ii) is similar. Any non-zero submodule of L T (Ω) intersects Ω non-trivially, and Ω generates L T (Ω). Hence L T (Ω) is simple whenever Ω is simple. For any g
, which proves also that Ω is simple whenever L T (Ω) is simple. Assertion (iii) is proved. Assertion (iv) follows from Lemma 2.3,(ii) and from the fact that Ω ⊂ L T (Ω). We define a cone as a finitely generated subsemigroup of Q. For any cone C, its saturation C is the cone of all λ ∈ Q such that mλ ∈ C for some positive integer m. Any cone contains a maximal subgroup G(C) (G(C) is nothing but C ∩ −C) and we have G(C) = G(C). For any M , we denote by C 1 M the cone generated by inj M , and by C 2 M the set of all β ∈ Q such that
Proof. For any i ∈Z 2 and any α ∈ ∆ i , choose a basis B Set j = # inj M , a = #∆ 0 , b = #∆ 1 ( # standing for cardinality) and write ∆ 0 ∆ 1 = {α 1 , α 2 , . . . , α a+b }, where the first j roots are the roots in inj M and the first a roots are the roots in ∆ 0 . Choose furthermore (λ) and let Θ be the support of the finite dimensional h 0 -module N . By Poincare-BirkhoffWitt's theorem, we have In what follows we will denote the saturation of the cones C 
Recalling that if α ∈ ∆ and λ ∈ supp M , the α-string through λ is the set {x ∈ Q |λ + x α ∈ supp M }, one verifies Lemma 3.3.
(i) α ∈ ∆ F M iff the α-string through any λ ∈ supp M is bounded; (ii) α ∈ ∆ I M iff the α-string through any λ ∈ supp M is unbounded in both directions;
(iii) α ∈ ∆ + M iff the α-string through any λ ∈ supp M is bounded from above only;
(iv) α ∈ ∆ − M iff the α-string through any λ ∈ supp M is bounded from below only.
Corollary 3.4. If M is simple, the α-string through λ is bounded (respectively bounded from above only, bounded from below only, or unbounded in both directions) for every λ ∈ supp M whenever it is bounded (respectively bounded from above only, bounded from below only, or unbounded in both directions) for some µ ∈ supp M .
It is an immediate consequence from the definition of the M -decomposition that the following three subspaces of g ( * ) g
are Lie subsuperalgebras of g. We define the shadow of M onto g (or simply the shadow of M ) as the triple ( * ). It is clear that the shadow of M reconstructs the M -decomposition of ∆ and vice versa. We are ready now to prove a generalization of Theorem 4.18 in [Fe] as well as of the main result of [CFO] . We start with Lemma 3.5. Let C ⊂ Q be a saturated cone and let D ⊂ Q be a finite subset. There is a linear form l :
Proof. Exercise which uses the convexity of C. Recalling (see the Introduction) that a triangular decomposition T of g is M -adapted if g It remains to prove Assertion (iii). Let l : Q →Z be a linear map defining the M -adapted triangular decomposition T and let X be the Q-coset containing supp M . There is a map d :
for any λ ∈ X, β ∈ Q. By definition of l we have l(β) ≤ 0 for any β ∈ C Corollary 3.7. For a simple generalized weight g-module M , the following assertions are equivalent:
A cohomological characterization of finite cuspidal modules.
The main result of this section, Proposition 4.3, is analogous to cohomological characterizations of cuspidal representations of p-adic groups (vanishing of the Jacquet functors) and of finite Chevalley groups (vanishing of Harish-Chandra restrictions). It enhances Theorem 3.6. Proposition 4.3 will not be used in the rest of the paper.
Throughout section 4, M is assumed to be finite. An admissible g-module (or g 0 -module) is by definition a finite generalized weight g-module (or g 0 -module) such that the dimensions of its generalized weight spaces are uniformly bounded. 
Lemma 4.2. Let u be a nilpotent Lie superalgebra and let N be a u-module. Assume that u 0 contains an element x which acts bijectively on N . Then
Proof. Set v=u/(Kx) and let Λ * v be the exterior superalgebra of v. There is a spectral sequence, [HS] , computing H * (u, M ) with
Proposition 4.3. The following are equivalent:
Proof. Let T be a triangular decomposition. By Corollary 2.4, we have
. Hence Assertion (iii) implies Assertion (i). Similarly, Assertion (ii) implies Assertion (i). Obviously Assertion (iv) implies Assertion (ii) and (iii).
Assume that Assertion (i) holds, and let l : Q →Z be a linear function defining the triangular decomposition T . As the monoid generated by inj M is a finite index subgroup of Q, we have l(α) > 0 for some α ∈ inj M . By Lemma 4.1, g T + contains a generalized root vector acting bijectively on M . Therefore Lemma 4.2 implies Assertion (iv).
.
The small Weyl group.
To be able to further strengthen the claim of Theorem 3.6 we will assume throughout sections 5 and 6 that g 0 is reductive. Let M be simple. By Proposition 2.2, (ii), M is automatically a weight module. By definition, the small Weyl group of M is the subgroup W M of the Weyl group W of g 0 generated by the hyperplane reflections s α , where α runs over ∆ Lemma 5.1.
(i) The sets supp M and
there is a subalgebra s in g 0 isomorphic to sl(2) with roots ±α. Since M is locally finite as a s-module, Assertion (i) follows.
To prove Assertion (ii), fix α ∈ ∆ (ii) The Lie algebras ((g 0 )
Proof. Assertion (i) is a direct consequence of the definition of (g 0 ) 
Reduction of the classification problem.
Denote by G the set of all good triangular decompositions T of g (with g 0 T containing the fixed Cartan subsuperalgebra h), and let P be the set of all parabolic subalgebras in g 0 which contain h 0 . We define a canonical set of good triangular decompositions as a W -invariant subset C⊂G such that the map T →p(T ) is a bijection between C and P. For any classical simple Lie superalgebra one can define explicitly at least one canonical set of good triangular decompositions. This is an easy consequence of the classification of all good Levi subsuperalgebras given in the next section. Here are two examples. For instance, if g =psq(n), (see section 7; in [K] psq(n) is denoted by Q(n − 1)), then ∆ 0 = ∆ 1 and therefore G itself is a canonical set of good triangular decompositions. If g = sl(m|n) (see [K] ), there is a natural Z -grading of g as g −1 ⊕g 0 ⊕g 1 (where g 0 =g 0 ), and for m = n, the set of all triangular decompositions T such that g + T ⊃g 1 is a canonical set of good triangular decompositions.
Assume now that C is any fixed canonical set of triangular decompositions. Here is a stronger version of Theorem 3.6.
Theorem 6.1. Let M be simple.
(i) There is a triangular decomposition T ∈C and a cuspidal g
(ii) For any T ∈C and any cuspidal g
Proof. Theorem 6.1 follows from Theorem 3.6 and Proposition 5.3.
Theorem 6.1 reduces the general classification problem to the problem of classifying cuspidal representations. The results ot [M] together with Proposition 6.3 below provide a classification of finite cuspidal representations of g up to a finite indeterminacy.
The following Lemma is proved in [M] (Lemma 3.3):
Lemma 6.2. Any admissible g 0 -module has finite length.
Setting Ω e = ind (g 0 ,g; Ω) for any g 0 -module Ω, we have now Proposition 6.3.
(i) For any finite cuspidal g 0 -module Ω, Ω e contains at least one and only finitely many non-isomorphic cuspidal submodules.
(ii) For any finite cuspidal g-module M , there is at least one and only finitely many non-isomorphic cuspidal g 0 -modules Ω such that M ⊂ Ω e .
Proof. Note first that if Ω is a finite cuspidal g 0 -module, for any α ∈ ∆ 0 there is an element e α ∈ g α 0 which acts bijectively on both Ω and Ω e . Furthermore Ω e is an admissible g 0 -module and is therefore of finite length by Lemma 6.2. Thus Ω e may only have finitely many non-isomorphic irreducible g-submodules. Each of them is necessarily cuspidal since by Lemma 4.1 e α acts bijectively on it. Assertion (i) is proved. The proof of Assertion (ii) is similar.
A classification of cuspidal Levi subsuperalgebras.
In this section, we will use Kac's classification, [K] , to classify all cuspidal Levi subsuperalgebras (see the Introduction) of all simple classical Lie superalgebras and of W(n). For the remaining series S(n), S(n), H(n) the problem is still open.
The classification is based on the following three remarks: (i) By Theorem 3.6, any cuspidal Levi subsuperalgebra is good. Furthermore, the map s →s 0 is a bijection from the set of good Levi subsuperalgebras of g and the set of good Levi subalgebras of g 0 . The inverse map is described as follows. Let s 0 be a good Levi subalgebra of g 0 and let Q be the saturation in Q of its root lattice. Set s 1 = ⊕ β∈Q s (β) 1 . Then s 0 ⊕s 1 is the unique good Levi subsuperalgebra whose even part is s 0 .
(ii) Let s be a Levi subsuperalgebra such that s 0 is reductive. A result of Fernando (Theorem 5.2 in [Fe] ) together with Proposition 6.3 implies that s is cuspidal iff all simple factors of s 0 are of type A or C.
(iii) If g is a classical simple Lie superalgebra or g=W(n), and s is a good Levi subsuperalgebra of g, then s 0 is reductive.
In the rest of this section, we present the list of all good Levi subsuperalgebras and the list of all cuspidal Levi subsuperalgebras. All simple Lie superalgebras which we do not define here are studied in detail in [K] . In addition, we will use the following notations:
-a partition n of a positive integer n is a k-tuple of positive integers (n 1 , . . . .n k ) with i n i = n; the partition is proper iff k = 1;
-for a partition n we set sl(n) := {(g 1 + . . . + g k ) ∈ gl(n) := gl(n 1 ) ⊕ . . . ⊕ gl(n k )| i tr (g k ) = 0}, sq(n) := {(g 1 + . . . + g k ) ∈ q(n) := q(n 1 ) ⊕ . . . ⊕ q(n k )| i otr(g k ) = 0}, psq(n) := sq(n)/K·id, where q(l) is the Lie superalgebra of block matrices with l × l-blocks α = A B B A with arbitrary l × l-matrices A and B, and otr α := tr B.
7.1. Let g = sl(n|m), with n > m. Then g 0 sl(n, m) and g 1 U ⊗ V * ⊕ U * ⊗ V , where U and V are respectively the natural representations of gl(n) and gl(m). Any good Levi subsuperalgebra is a Lie subalgebra of g 0 , it is necessarily cuspidal, and moreover it is isomorphic to sl(n∪m) where n, m are partitions of n and m respectively.
